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Relativistic and Classical Doppler Electronic
Tracking Accuracies

JEroME Horrman*
The Mutre Corporation, Bedford, Mass.

The first-order Doppler effect has, in general, been used in electronic tracking, but for the
greater accuracies now desired in velocity measurements, this approach is no longer satisfac-
tory. A fundamental study of the Doppler effect is presented in this paper. Five steps are
developed which enable the exact derivation of the Doppler equations for any system. Six dif-
ferent configurations of transmitter, receiver, and vehicle are investigated, and the results are

applied to a number of Doppler systems.

It is determined that, for velocity inaccuracies

<1.0 fps, the second-order relativistic or classical equations must be used. The receipt of a
zero Doppler shift has also been investigated, and it does not necessarily imply zero line-of-

sight velocity.

Nomenclature

proportional frequeney shift factor produced by a beacon

constant frequency shift factor produced by a beacon

velocity of light

frequency

factor relating the constant frequency shift to the propor-
tional shift produced by a beacon

wave normal of a plane wave

time parameter

velocity magnitude

velocity relative to the earth

phase velocity

position vector

L I

b I~ T

e < ™~
[ T

Subscripts

1 = receiver-fixed reference system when subscript 0 refers to
transmitter

Doppler received by a beacon

receiver reference system

transmitter reference system

vehicle

fixed reference system (receiver or transmitter as the case
may be)
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Introduction

N the operation of a space or missile test program, one of
the critical aspects is the receipt of trajectory information.
This is true for both real-time control and for post-flight
evaluation. Velocity is usually obtained by the Doppler
effect, which is the shift in frequency of a transmitted signal
caused by the relative motion of the vehicle and the station.
The usual practice has been to use the first-order classical
Doppler equations to relate the frequency shift to veloeity.
However, if velocity errors are to be reduced to a few tenths
of a foot per second and less, this approach is no longer per-
missible. At least the second-order classical Doppler equa-
tion is required, and, for certain Doppler systems, the second-
order relativistic Doppler equation must be used.

Because of the past sufficiency of the first-order terms in
the equations, the unnecessary second-order terms usually
contain any inaccuracies in the derivations. However, with
the present need for greater accuracies in these second-order
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terms, a fresh look at the Doppler effect in electronic tracking
is of considerable value. The purpose of the present study is
to establish the fundamental steps needed for a correct
derivation of the Doppler equation for any type of Doppler
system, to derive the Doppler equations (classical and
special relativistic) for a number of representative systems,
and to determine the inaccuracies due to using the first-order
equations so derived. With these equations on hand, several
gystems are evaluated, and the specified inaccuracies are
compared with the inaccuracies inherent in the first-order
equations. In addition, the phenomenon of zero Doppler
shift is investigated, since this does not always imply zero
line-of-sight velocity when the second-order equations are
used.

Fundamental Doppler Equations
and Approximations

Derivation Philosophy

The key to the derivation of the Doppler effect for any con-
figuration of transmitter, receiver, and beacon (or reflector)
lies in the following sequence of steps.

1) Equate the phase of the radar wave as observed by the
transmitter to that observed by the receiver, and so forth.
The phase is an invariant and is identical in any coordinate
system be it fransmitter, receiver, or beacon.

2) Select the coordinate system to which all measurements
will be referenced.

3) Establish the relative velocity parameters between
sequential portions of the configuration, i.e., transmitter and
beacon, beacon and receiver, etc. The Doppler effect de-
pends only on relative velocity.

4) Apply the Galilean transformation (nonrelativistic) or
the Lorentz transformation (relativistic) to the phase
equalities.

5) Solve the resulting equations for the Doppler effect.

Consider the application of the previous steps to the con-
figuration depicted in Fig. 1. The transmitter is fixed on
earth. The receiver is fixed on a vehicle traveling with a
velocity V relative to the earth. N is the wave normal of a
plane wave, which is deseribed in the transmitter reference
system by one or several wave functions of the form cos2xf X
[t — N-X/w].

For step 1, the phase is equated

fit =~ N-X/w] = f'[t' = N"-X"/w’] ¢y

where the primed parameters are the measurements in the
receiver’s reference system. For step 2, the earth-based
transmitter reference system is chosen. This means that the
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Fig. 1 Representative configuration.

final equation relating f and f’ will contain no primed pa-
rameters. For step 3, the relative velocity for this simple con-
figuration is just V.

For step 4, the inverse Lorentz transformation [see Ap-
pendix, Eq. (A4)]is applied. Thus,

Flvlt' + V-X'/e?] — N-X'/w —
N-V[(y — DX"-V/o2 + yt'|/w} =
it — N-X'/w') (2

where v = (1 — 82)~'2and 8 = v/c. Equation (2) must be
satisfied for all values of the independent variables ¢/, X’.
This is possible only if the coefficients of ¢/, X’, respectively,
on both sides are equal. Equating the coefficients of ¢’ gives

Sly = N-Vy/wlt’ = f[1) 3)

Therefore, the Doppler frequency f’ observed by the receiver
on the vehicle is

fr=f1 = N-V/wl — g2~ €]

where N -V is the scalar product of the two vectors, and N is a
unit vector. ¥Trom Fig. 1, N-V = p cosf. Some pitfalls
that occur in deriving Doppler equations are discussed in the
Appendix. Equation (4) is the relativistic Doppler effect.
Allowing 8 — 0O results in the classical Doppler effect, which
would of course result from using the Galilean transformation.
It is interesting to note that equating the coefficients of the
vector components of the X’ variable on both sides of Eq. (2)
would result in the determination of the remaining primed
parameters as functions of the unprimed ones.

Specific Configurations

In configuration 4 (Fig. 2), the transmitter is stationary
and the (vehicle) receiver is in motion. This configuration is
identical to that discussed previously where

fe=17 =7 V=Y )

6
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Fig. 2 Configuration 4, earth-fixed reference.
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Fig. 3 Configuration B, earth-fixed reference.

Therefore, from Eq. (4), the relativistic Doppler frequency is
fr=1(l = N-V/w)(1 — g2~-2 (5a)

where N-V = v cosf. Allowing 8 — 0 results in the classical
Doppler frequency

fr=fll = N-(V+ AV)/w] (5b)
where (V 4 AV) is the inaccurate velocity obtained by using
Eq. (5b) instead of (5a). Equation (5) contains earth-fixed

reference parameters. Expanding (5a), and retaining up to
second-order terms only, results in

foo= fill = N-V/w + 52/2] (6)
Subtraecting Eq. (56b) from (6) results in
N-AV = Av cosf =~ —v2/2¢ (7)

where it has been assumed that w/c =~ 1. Equation (7) is
the inaccuracy in the velocity determination using the classi-
cal Doppler equation.

In configuration B (Fig. 3), the (vehicle) transmitter is in
motion and the receiver is stationary. The vehicle’s ref-
erence system is still considered the primed system as in con-
figuration A. Therefore, f, = f', fr = f, V= V, and, from
Eq. (4,

_ f’(L: 62)1/2

1 —-—NV/w (82)

fr

Again allowing 8 — 0 results in

- Js
=1z N-(V+ AV)/w (8)

Equation (8) also contains earth-fixed reference parameters.
Expanding Eq. (8) results in
fr=fll+ N-V/w+ N-V/w)? — §2/2] (9a)
and, for 8 — 0,
fr=fll + N-(V+ AV)/w + [N-(V 4 AV)/w]?}  (9b)
Subtracting Eq. (9b) from (9a) results in

v2/2c

. = Ap cosd ~ —
N-AV v cosf I FoN-V/e

(10a)

where it has been assumed that w/c =~ 1 and where (N - AV /w)?
has been neglected. Comparing Eq. (10a) with (7) shows
that the inaccuracy of configuration B is approximately that
of A since 2N -V/¢c < 1in Eq. (10a).

The usual practice is to neglect all second-order terms. Itis
of interest to note the resulting inaccuracy. Neglecting the
second-order terms in Eq. (9a) results in an inaccuracy AV,
given by '

N-AV, = Ay cosf = [—v2/2c][1 — 2 cos?0] (10b)
where it has been assumed that w/c¢ = 1. Since —1 < [1 — 2X
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Fig. 4 Configuration C, case 1: transmitter-fixed refer-
ence.

cos?0] < 1, the procedure of neglecting second-order terms
reduces the inaccuracy associated with the use of the classical
Doppler equation. In fact, when § = x/4, 3r/4 there is
effectively no inaccuracy [as Eq. (10b) indicates], but the sign
of the inaccuracy may change.

In configuration C, both transmitter and receiver are in
motion. Two cases are considered: the tracked vehicle first
containing the receiver (Fig. 4) and the second containing
the transmitter (Fig. 5).

In case 1, the receiver in the tracked vehicle is identical to
configuration 4 with

V=V,—V, AV =V,
N.V = N-(V, — Vy) = v, cosf. — v cosby

(11)
N-AV = N-AV, = Ao, cos, S

v = 0,2 + 02 — 2V,-V, B =u/c

Lquations (5-7) apply directly with the modifications
given by Eqgs. (11). These adapted equations now contain
transmitter-fixed reference parameters.

It is of interest to consider the situation where V, is anti-
parallel to V,, 6, = 180 — 6,. From Eq. (7), modified by
(11), the inaccuracy using the classical Doppler equation is

N-AV, = Av, cosb, = [—v.3/2¢][1 + 2(vo/v.) + (0/v.)2]
(12)

For a satellite tracking station, traveling antiparallel to the
tracked vehicle at approximately the same velocity, the in-
accuracy would be four times that of an earth-based tracking
station, as indicated by Eq. (12).

In case 2, the transmitter in the tracked vehicle, is identical
to configuration B with the modifications given by Eqs. (11).
Equations (8-10), modified by (11), apply directly. These
adapted equations now contain receiver-fixed reference
parameters.

Consider again V, antiparallel to V,, 8, = 180 — 8,. From
Fq. (10a), modified by (11), the inaccuracy using the classical
Doppler equation is

—0112/26] [1 + 27/'01/1)1; + <1)0/7)v)2]

B 1
N-AV,= Av, cosf, ~ 1+ 2N-V/c

(13)

Since 2N-V/¢ < 1, the discussion in case 1 applies here as
well.

In configuration D (Fig. 6), the transmitter is stationary,
the receiver is stationary, and the vehicle is in motion. In
the general case, the vehicle receives the Doppler frequency
fa, and the beacon retransmits (af; + b) to the receiver. For
the special case of skin tracking, @ = 1and b = 0.

Consider the Doppler frequency f, received by the vehicle.
This portion is identical to configuration 4 with f, substituted
for f, in Eq. (5a). Therefore,

Jo=f1 = No-V/w)(1 — g3~
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Fig. 5 Configuration C, case 2: receiver-fixed reference.
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The retransmitted (or reflected) frequency is (afs + ). The
Doppler frequency received by the receiver is identical in form
to configuration B with (afs + &) substituted for f, in Eq.
(8a). Therefore,

fr=(afa + 0)0 = YY1 — N,-V/w
Eliminating f. from the two preceding equations results in

(1 — N,-V/w) + (1l — )12
1 - N.-V/w

fr = af: (14a)

where 2 = b/af,. Allowing 8 — 0 results in the classical
Doppler equation

oo, Lo NV A

1 —N.-(V+ AV)/w

(14b)

which contains earth-fixed reference parameters.

Consider the skin-tracking case where ¢ = 1 and b = 0.
Comparison of Egs. (14a) and (14b) shows that the rela-
tivistic and classical Doppler equations are identical, and
AV = 0. This is also true for beacon tracking where b = 0
and a has any value.

Expanding Eq. (14) through second-order terms yields

fo=afd B+ 1+ NV + HN,-V/w —
N, -V/w] — B%/2} (15a)
and, for 8 — 0,
Sr=af {1+ k) + 1+ N,-(V+ A)/w]
(1 + )N, (V + AV)/w — N+ (V + AV)/w]}  (15b)
Subtracting Eq. (15b) from (14s) results in
(N, — N,)- AV = Av(cos, — cosb,) =~
L (®*h/2¢) (cos, — cosb,)
(1 4+ 2N,-V/w)[—cos8, — (h 4 1) cosb,]
where N, AVN,- AV/w? and (1 + &) (N,- AV/w)? have been

(16a)
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Fig. 6 Configuration D, earth-fixed reference.
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Fig. 7 Configuration E, transmitter-fixed reference and
receiver-fixed reference.

neglected, and it has been assumed that w =~ ¢. Equation
(16a) is the inaccuracy using the classical Doppler equation
for beacon tracking where b ¢ 0 (h = 0). Let us examine
the inaccuracy in the usual practice of dropping the second-
order terms for skin tracking or beacon tracking (b = 0, h =
0). Letting » = 0 in Eq. (15a) results, of course, in the
identical relativistic and classical Doppler equation as dis-
cussed previously. Dropping second-order terms and solving
for the inaccuracy AV, yields

(N, — N,)- AV, = Ay (cosf, — cosbh,) =
(v?2/w) [cosB, cosh, — cos?6,] (16b)

Solving for Av; gives Av; = v? cosf,/w, which is independent of
the transmitter angle 6.,

In configuration E (Fig. 7), the transmitter, receiver, and
vehicle are in motion. Consider the case of skin tracking or
beacon tracking with no beacon frequency shifts (¢ = 1,
b = 0; h = 0of configuration D). The derivation is identical
to that of configuration D with the modifications as indicated.

Eliminating f; from the equations for the Doppler fre-
quencies, seen by the vehicle and the receiver, results in

1 — N, V/w, (1 — 8,3
1 —NV./w, (1 — B2

Jr=fi (17a)

where
v, =V, =V V.=V, -V,
N, V, = v, cosf; — v costh
N.-V. =
v = v, 4 p? — 2V,-V,

v,2 = 0,2+ v — 2V,-V,;

vy 088, — v; cosl,

Allowing 8., 8: — 0 results in the classical Doppler equation

1 — N (V+ AV)/w,
1 — N,-(V+ AV)/u,

Jr=f (17b)

where AV = AV,. If the transmitter and receiver have the
same velocity vector (Vo = V), then the radicals cancel in
Eq. (17a) and the classical and relativistic equations are
identical.
Expanding Eq. (17a) yields
Y~ ff1 + Q1+ N.-V./w)[N.-V,/w,— N,-V,/w,] +
B2 — B2/2) (18a)

where

B2 — B:H/2 = W — v:H/2 + Vo/c- (Vi — Vo)/c
(VQ - Vi)' [(Vo + Vi)/2 - Vv]/c2

It
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and, for 8, B, — 0,

fr=ffl 4 14+ N.-(V, + AV)/w,] X
[N,- (V. + AV)/w, — N,- (V. + Av)/wt]} (18b)
Subtracting Eq. (18b) from (18a) yields the inaccuracy
(N, — N,)- AV = Av (cosf; — cosb,) =~
3 (Vo — Vi) /e]- IV, — (Vo + Vi)/2]
1+ N,-V./¢) — [N,-V,/c — N,V,/c]/[1 — cosf,/cosb,]
(19a)
where it has been assumed that w, ~ w, = ¢, and where
N,-AVN,;- AV/w? and (N, -AV/w)? have been neglected.
Equation (19a) is the inaccuracy using the classical Doppler
equation. This inaccuracy is zero when V, = V; and when
V.= Vo4 Vy)/2.
Let us examine the case where Vo = V;, (V, = V). From
Eq. (18a), with w, =~ w, = w,
fr=f{l + 0+ N-V/w)[N.-V/w — N.-V,/w]}

which is identical to Eq. (15a) of configuration D with 2 = 0
and V replaced by V..

The inaceuracy AV;, in dropping second-order terms, is
therefore given by Eq. (16b) with v replaced by v, or », since
for this casev, = v,. Therefore

Av, = 0,2 cosl,/w = [v.2/w][1 + Wi/v,)2 — 2V ,-V;/v.2] X
cosf, (19b)

If the vehicle is traveling antiparallel to the receiver (also
transmitter), then

Av; = [v.2/w][l + 2(:/v.) + @i/v.)?] cosf,

For v; = v,, the inaceuracy is four times that of the similar
earth-fixed system given by Eq. (16b) in configuration D.

Zexo Doppler Shift Effect

In the use of the Doppler systems, it is generally assumed
that the receipt of a zero Doppler shift implies that the line-of-
sight veloeity of the vehicle is identically zero. This is, of
course, inaccurate, and the degree of inaccuracy is dependent
upon the particular configuration in use. The degree of in-
accuracy for configuration B is analyzed below, and the in-
accuracies associated with other configurations are briefly in-
dicated. For completeness, it should perhaps be stated that
there is a zero Doppler shift for the trivial ease of zero relative
motion for all configurations.

From Eq. (8a), the zero Doppler shift oceurs in configura-
tion B when

N-V/w=1-— (1 — g% (20a)

From an examination of Fig. 3 in conjunction with Eq.
(20a), it is clear that the zero Doppler shift oceurs only when
the vehicle is approaching the earth-fixed receiver. Expand-
ing Eq. (20a), and letting w =~ ¢, yields

N-V = v cosf =~ v?/2 (20b)

which is the line-of-sight velocity inaccuracy when the zero
Doppler shift is implied to mean zero line-of-sight velocity.
For configuration 4, the zero Doppler shift is identical to
that of configuration B except that the effect oceurs when
the vehicle is receding from the transmitter. For configura-
tion C, case 1 is identical to configuration A; case 2 is identi-
cal to configuration B. Tor configuration D, setting Eq.
(14a) equal to (af. + b), expanding, and letting w =~ ¢, re-
sults in
[N;, — (1 + »)N,]-V =~ —w?/2 (21a)

For the case of skin tracking (or beacon withb = 0), 4 = 0,
and the zero shift effect occurs when

N,V =N,V (21b)
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The Doppler shift produced by the vehicle receding from the
transmitter is exactly cancelled by that produced by the
vehicle approaching the receiver. For collocation of receiver
and transmitter (N, = —N,), the zero shift occurs only when
the line-of-sight velocity is identically zero. For the general
case exhibited by Eq. (21b), the inaccuracy is thus N.-V
(or N,-V).

For configuration E, setting Eq. (17a) equal to f., expand-
ing, and letting w, =~ w, =~ ¢, yields

Nl-Vt - Nr'vr = (7/[2 — Ur2)/26 (223)
For the case where Vo = V,
(N, - N)-V,= (N, - N,)V, (22b)

Actual Doppler Systems: Relativistic and Classical
Approximation Inaccuracies

The Doppler equations previously derived are now used to
examine a number of Doppler systems. The examination is
limited to a comparison of the system accuracy requirements
with the inaccuracies resulting from either the use of classical
equations (in place of relativistic) or from the practice of
neglecting second-order terms in the equations. In addition,
the effect of receiving a zero Doppler shift is investigated.

For purposes of numerical computations, the following
values are used : velocity of light, ¢ ~ 1.0 X 10° fps; escape
velocity, v ~ 3.5 X 104 fps; and orbital velocity, v =~ 2.5 X
104 fps.

GLOTRAC: Global Tracking Network

GLOTRAC! is being designed and constructed to meet the
tracking requirements of advanced satellite and space-probe
programs. GLOTRAC contains a number of measurement
subsystems and techniques. The Doppler principle is used
in range-rate measurements. A minimum of three range-rate
stations operate simultaneously on the signals radiated by the
transponder. One of the three stations sends either 5060.194
me (type C transponder) or 5052.0833 me (type G trans-
ponder) signals to the transponder as interrogation signals.
Range-rate data obtained at a station equipped with a
transmitter and receiver will have an accuracy of 0.09 fps.
Stations equipped only with receivers will have an accuracy of
0.51 fps.

The GLOTRAC Doppler subsystem is a configuration D
system. Operation of the type C transponder is as follows:
1) transmitter interrogation frequency f, = 5060.194 mc;
2) beacon receives Doppler frequency fi; 3) beacon re-
transmits the frequency of afs + b wherea = 1, = —60.194
me; 4) receivers receive Doppler frequency f,. For these
values, h = b/af, =~ —0.01. From Eq. (16a), for A and
N.-V/c < 1, the inaccuracy resulting from the use of the
classical Doppler is

Av (cosf, — cosb,) =~ v*h/2c (23a)

For the master station (receiver and transmitter) cosf, =
—cosf,, and Eq. (23a) becomes

Av cosf, =~ v*h/4c (23b)

For the remote stations (receiver only), for the case where
0. ~ 6,, Eq. (16a) yields

Av cosh, = —v2/2c (23¢)

which is independent of the 4 parameter. From Eq. (21a), for
the master station, a zero Doppler shift is received when

Av cosf, =~ —v2h/4e (24a)

For the remote stations, for the case when 8, =~ 6., Eq. (21a)
vields

Av cosf, = v%/2¢ (24b)

which is independent of the 4 parameter.
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Table 1 GLOTRAC (transponder C) inaccuracies

Inaccuracies, fps

Escape Orbital
Type Eq. velocity velocity
For master station (specified accuracy, 0.09 fps)
Classical (23b) —0.003 —0.0015
Zero-shift (24a) 0.003 0.0015
For remote station (specified accuracy, 0.51 fps)
Classical (23¢) —0.6 -0.3
Zero-shift (24b) 0.6 0.3

The numerical results are listed in Table 1. The numerical
values, given at the beginning of this section, have been em-
ployed. The specified accuracies include uncorrectable
propagation errors and atomic frequency standard offset
errors. From Table 1, it appears that the GLOTRAC
(transponder () range-rate system should utilize the rela-
tivistic rather than the classical Doppler equations at the
remote stations. In addition, allowance should be made for
the fact that the receipt of a zero Doppler frequency does not
necessarily imply zero line-of-sight velocity.

Operation of the type @ transponder is as follows: 1) trans-
mitter interrogation f, = 5052.0833 me; 2) beacon receives
Doppler frequency fa; 3) beacon retransmits the frequency
afs + b wherea = 96/97,b = 0; 4) receivers receive Dopp-
ler frequency f,. 'The parameter A is therefore & = b/af, = 0.

Comparison of Eqs. (14a) and (14b) shows that the rela-
tivistic and classical Doppler equations are identical. There-
fore, there is no inaccuracy using the classical equation and
Av = 0. However, there is an inaccuracy Av, that results
from the practice of neglecting second-order terms in the
classical expansion, which is given by Eq. (15b) with h = 0.
From Eq. (16b), this inaccuracy is

Av; = (2/c) cosh, . (25a)
For the master station, cosf, = —cosf, and Eq. (25a) be-
comes
Av, = —(w¥/¢) cosh, (25b)
or the line-of-sight inaccuracy is
Av; cosf, = — (v*/c) cos?l, (25¢)

For the remote stations, from Eq. (25a), the line-of-sight in-
aceuracy is

Av; cosh. =~ (v2/c) cos?d, (25d)

From Eq. (21Db), for the master station, a zero Doppler
shift is received when

6, = 0, = 7w/2 (26a)

and the line-of-sight velocity is identically zero. For the re-
mote stations, from Eq. (21b), a zero Doppler shift is received
when

v cosf, = v cosb, (26b)

and the zero Doppler received implies a line-of-sight veloecity
equal to v cosd, [or v cosb, since 8, = 6, from Eq. (26b)].

The numerical results are listed in Table 2 and follow the
same procedure as Table 1. The approximation inaccuracies
have been calculated for 8 = 0. From Table 2, it is clear that
in using the classical equations the second-order terms would
be retained to achieve the specified accuracies.

ANNA: Army, Navy, NASA, Air Force Satellite

ANNAZ? is a geodetic satellite that is expected to obtain
fine measurements concerning the shape of the earth and to
relate major geodetic data to each other and to the earth’s
center of mass. Specifically, the satellite experiments will
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Table 2 GLOTRAC (transponder G) inaceuracies

Inaccuracies, fps

Escape Orbital
Types Eq. velocity velocity
For master station (specified accuracy, 0.09 fps)
Approximation (25¢) —1.2 fps —0.6 fps
Zero-Shift (26a) 0 0
For remote station (specified accuracy, 0.51 fps)
Approximation (25d) 1.2 fps 0.6 fps
Zero-Shift (26b) 8, = 6, 0, = 6,

produce precision measurements related to angle, range, and
range rate.

Range-rate information will be obtained by observation of
the Doppler shift of ultra-stable transmissions from the
satellite, and four frequencies will be broadeast continuously
for this purpose. Frequencies for geodetic measurements will
be 162-324 mc with a 54-216 me pair reserved for refraction
studies and as a backup in event of failure of prime tracking
frequencies. All four frequencies will be coherent, so that
tracking can be accomplished using any two. Transmitters
will have lower power drain, and hence will be left on contin-
uously to be available to observers throughout the world.

The ANNA Doppler subsystem is a configuration B sys-
tem. From Eq. (10a) for 2N-V /¢ < 1, the inaccuracy result-
ing from the use of the classical Doppler equation is

Av cosf = —v2/2¢ ~ —0.3 fps (27)

for orbital velocity, which is then the inaccuracy in the line-of-
sight velocity when the relativistic equations are not used.
However, if the classical Doppler is used, and the second-order
terms neglected, this inaccuracy tends to reduce the inac-
curacy produced by not using the relativistic Doppler. From
Eq. (10b) the total inaccuracy is

Av; cosf = [—v2/2¢][1 — 2 cos8] (28a)
Comparison with Eq. (27) shows that
0 < {Av, cosf; < 0.3 fps (28b)

and when 6 = 7/4, 37/4 there is no inaccuracy. However,
from Eq. (28a) it is seen that the sign of the inaccuracy is
changed.

From Eq. (20¢), a zero Doppler shift is received when

v cosf = v2/2¢ =~ 0.3 fps (29)

Therefore, the receipt of a zero Doppler shift implies a line-
of-sight velocity of 0.3 fps and not zero.

MISTRAM: Missile Trajectory Measurement System

MISTRAMS is a precision missile trajectory measurement
system that will operate independently of other range sys-
tems at Air Force Eastern Test Range (AFETR) to acquire
a launched vehicle, track its flight through space, and accu-
rately measure its position and velocity vectors. The range-
rate data are obtained by Doppler techniques at X band
with a specified accuracy of 0.02 fps. The following steps
apply:

1) The transmitter at the master or central station gen-
erates two CW-X-band frequencies, nominally 8148 me and
7884 to 7892 me. The higher frequency (the range signal)
is very stable, whereas the lower frequency (the calibrated
signal) is swept periodically over the indicated range. There-
fore f;, = 8148 me.

2) The airborne transponder receives the signals, ampli-
fies frequency shifts by 68 me, and retransmits back to earth.
Therefore, the received Doppler frequency (the range signal)
is fo and the retransmitted frequency is afs + b.

3) If the 68 mec is a proportional shift, then

1% = o3+ b=20 h=10
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4) If the 68 mec is a constant shift, then ¢ = 1 and b = 68
me.  The parameter A is therefore & = b/af, =~ 0.01.

5) Receivers receive Doppler frequency f,.

The MISTRAM Doppler subsystem is a configuration D
system. The analysis is therefore similar to that of GLO-
TRAC. The results tabulated there also apply here. For
the constant shift (see item 4) Table 1 applies with the specified
accuracies changed to 0.02 fps. The GLOTRAC h was nega-
tive, whereas the MISTRAM £ is positive. Therefore, the
tabulated results (Table 1) for the master station are positive
for MISTRAM. For the proportional shift (see item 3)
Table 2 applies, again with the specified accuracies changed
to 0.02 fps. Therefore, refer to the GLOTRAC analysis.

Summary and Conclusions

This study has taken a fundamental look at the Doppler
effect in electronic tracking. Five steps have been developed
which enable the derivation of the Doppler equations for any
Doppler system. These steps have then been used to derive
six different configurations of transmitter, receiver, and
vehicle. It has been determined that for velocity inaccuracies
< 1 fps, the second-order relativistic equations must be used.
In some Doppler systems, the relativistic and classical equa-
tions are identical. In those cases, the second-order equations
must also be used.

The effect of receiving a zero Doppler shift has also been
investigated. This effect does not imply zero line-of-sight
velocity; allowance for this fact must be made when the
Doppler information is transformed into velocity information.

GLOTRAC and MISTRAM Doppler systems have been
examined. The evaluation clearly indicates that, to obtain
the desired small inaccuracies, the second-order equations
must be utilized.

Finally, in the Appendix there is a discussion of some pit-
falls that oceur when the equations are not carefully derived
from the fundamental Doppler effect. The approximate first~
order equations for different Doppler systems are identical in
appearance, but the second-order equations do differ when
correctly derived.

Appendix
Galilean and Lorentz Transformations

Consider two arbitrary systems of inertia described by Car-
tesian coordinates X = (x, y, 2) and X’ = 2/, ¢/, 2’) respec-
tively. According to the Newtonian conceptions of space
and time, the connection between the time parameters and
the coordinate vectors X and X’ for the same space point in
the two coordinate systems is given by

X =X-WVt =1 (A1)

where V is a vector denoting velocity and direction of motion
of the primed system; ¢ is the time and, for simplicity, it is
assumed that the origin of the two systems coincide at the
time ¢ = 0. Thus, the time is considered an absolute quan-
tity. Equation (Al) is oftened referred to as the “Galilean
transformation.”

Since the two systems of coordinates are completely
equivalent, and since the unprimed system moves with the
velocity —V relative to the primed system, the inverse trans-
formation to Eq. (A1) is simply obtained by interchanging the
primed and the unprimed variable and simultaneously re-
placing Vby —V:

X =X + V' t=t (A2)

According to the special theory of relativity* this same con-
nection is given by

X' =X+ Vi(y - DX-V/v2 — ~t] (A3a)
¢ = y[t — V-X/¢?] {A3b)
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where v = 1/(1 — 89?2 and 8 = v/c. Equation (A3) is
usually called the Lorentz transformation. The inverse
transformation is again obtained by interchanging (X', ')
and (X, £) and replacing Vby —V:

X =X +V[(y — DX'-V/or + v¢'] (Ada)
t = ylt' + V-X'/c?] (Adb)

In the limit as 8 — 0 (¢ — =), the Lorentz transformation
goes over into the Galilean transformation.

Clarification of Apparent Ambiguities

At the beginning of this paper, a list of five steps was given
for the derivation of the Doppler equations for any configura-
tion of transmitters and receivers. It was also mentioned that
the improper applications of steps 2 and 3 in the process of
deriving a specific Doppler equation may result in an incorrect
or only an approximate solution. Step 2 concerns the selec-
tion of the coordinate system to which the measurements are
to be referenced. Consider configuration 4 (Fig. 2) in which
there is an earth-fixed transmitter and a receiver in the ve-
hicle. The Doppler equations derived contain earth-fixed
reference parameters. The vehicle is traveling with a veloeity
V with respect to the transmitter. Therefore, from step 2,
the earth-fixed transmitter is traveling with a velocity -V
relative to the vehicle,

From step 1, Eq. (A1), the phases are equated:

Jilt = N-X/w] = f,[t" — N"-X"/w’] (A5)
where the primed parameters are the measurements in the re-
ceiver’s (vehicle) reference system. Applying the direct

transformation [Eq. (A3)] to the right-hand side of Eq. (A5)
yields

flt = N-X/wh =f{y[t — V-X/c2] = N"-X/w —
N'-Vi(y — DX-V/o2 — yt}/w'} (A6)

Iiquating the coefficients of ¢ gives
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fillt = fily + N"-V/w'}t (AT)

Therefore, the Doppler frequency observed by the receiver on
the vehicle, in its own reference system is

fr= 1 = pHYE/ QA + N'-V/w) (A8)

where N’V = ¢ cosf’.

Here we see the interesting ambiguity of two apparently
different Doppler equations for the same system, configuration
A. Compare Eq. (A8) with (5a). In fact, Eq. (A8) is, in
appearance, similar to a different system, configuration B
[compare Eq. (A8) with (8a)], because, as stated before, Egs.
(5a) and (8a) contain earth-fixed reference parameters,
whereas Eq. (A8) contains vehicle-fixed reference parameters.

Let us now compare the two configuration A equations,
(5a) and (A8) under first-order expansions. From Eq. (6) in
earth-fixed coordinates

fr=fil = N-V/w] (A9a)
From Eq. (A8) in vehicle-fixed coordinates
fr=~fill = N'-V/uw'] (A9Db)

Again we encounter the first-order approximation phe-
nomenon that apparently eliminates the necessity for strict
adherence to the five steps of derivation. The earth-fixed
and vehicle-fixed forms of the approximate Doppler equation,
Eqgs. (A9a) and (9b), respectively, are identical in appearance.
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